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Introduction
Mysteries of M5-branes

What we know:

@ The low energy worldvolume dynamics is given by a 6d (2,0) SCFT
with SO(5) R-symmetry.

The (2,0) tensor multiples contains 5 scalars and a selfdual
antisymmetric 3-form field strength + fermions.

What we don't know:

o What is the form of the gauge symmetry for multiple M5-branes ?

@ Interacting self-dual dynamics on M5-branes worldvolume?
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Self-dual dynamics for multiple M5-branes (?)

o Generally, it is well known to be difficult to write down a Lorentz
invariant action for self-dual dynamics.

o For a single M5 case, problem solved by sacrificing manifest 6d
Lorentz symmetry.

The action was later generalized to include kappa symmetry

Covariant construction was given by PST

@ Not clear how to do this for N > 1 due to the other problem that an
appropriate generalization of the tensor gauge symmetry was not
known.
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Enhanced gauge symmetry of multiple M5-branes (7)

@ For multiple D-branes, symmetry is enhanced from U(1) to U(N):
OAS = OuN+[AL N7, FR, = 0uA) — O,A +[ALL ALY

@ For multiple M5-branes, it is not known how to non-Abelianize
2-form (or higher form) gauge fields:

582,/ = 0.\, — 51//\2 +(7), ZM =0,B], +8L,B§“ —i—@,\BZl, +(?).
to have nontrivial self interaction.
@ Moreover, exists no-go theorems: there is no nontrivial deformation

of the Abelian 2-form gauge theory if locality of the action and the
transformation laws are assumed.

@ These no-go theorems, however, suggest an important direction of
given up locality.
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@ The need of nonlocality for M5-branes should not be surprising:
ABJM and BLG theory for multiple M2-branes are also non-local.

@ We will get around the no-go theorem by similarly introducing a set
of auxillary fields: the theory become nonlocal when these fields are
eliminated using their equations of motion.
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@ In this talk, | will explain a 6d proposal of the low energy
worldvolume theory

@ There is also a 5d proposal of the (2,0) theory as strong coupling
limit of 5d SYM.

@ analogy:

low energy SUGRA <+ quantum mechanical M-theory (proposed to
be defined by D0s' SQM)

low energy theory of M5-branes <— quantum Mb5-branes theory
(proposed to be defined by 5d SYM)

Other related works/approaches:
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Review of the Perry-Schwarz formulation

@ Perry-Schwarz formulation:
1. A direction, say xs, is treated differently: denote the 5d and 6d
coord. by x* and xM = (x*, x5).
2. the tensor gauge field potential is represented by a 5 x 5
antisymmetric tensor field B,,,. It can be thought of as a (tensor)
gauge fixed formulation in which B,5 never appear.

@ Perry and Schwarz considered the action:

1 r . ~
So(B) = 5 / d6X <*HHVH;11/ + H#UaSB/u/>

where 1
HHY = 66‘“”’/\" Hoxo-

Note that manifest Lorentz symmetry is lost.
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e EOM: .
e’“’p)“’ap(H,\(7 —05B\,) =0

has the general solution
Hy, — 95Byry = Ouoy, — Oy, for arbitrary .
@ The action is invariant under the gauge symmetry
0B, = 0upr — Oppy, for arbitrary ¢,

This allows one to reduce the general solution to the EOM to the
first order form

H;U/ - a5 B/U/'

This is the self-duality equation in this theory.
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Modified Lorentz symmetry

@ The action has manifest 5d Lorentz invariance and a non-manifest
Lorentz symmetry mixing p with the 5 direction.

Lorentz transformation (active view)

Standard Lorentz transformation
0Buy = (A - L)Buy + dspin Buv

has a orbital part:
A-L=(N-x)35 — xs5(A\ - 9)

and a spin part:

6spin B,uu = /\V B;_LS - A,u BV5~

@ PS proposed to consider the following transformation

(sB/zz/ - (/\ . X)H/l,l/ - XS(/\ : a)B/zy,

where A, = As, denote the corresponding infinitesimal transformation
parameters.
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1. On shell, it is equal to the standard Lorentz transformation

5Bp,1/ = (/\ . X)Hl“/ - X5(/\ . a)BMV = (/\ . x)@_:,BW — X5(/\ . 8)8/,1,1/
2. Commutator:
[0Ay> On,) B = 6,(\5:2 B,., + EOM + gauge symmetry

where
6B/,Ll/ = 0OuPv — 81/90;1,7 P = XaAaABuA

is a gauge symmetry of the PS theory. So the PS transformation can
be considered as a (modified) Lorentz transformation.

Note that modified Lorentz symmetry is typical of action of self-dual
dynamics
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Non-abelian action

The idea is to try to generalize the Perry-Schwarz approach:
1 Represent the self-dual tensor gauge field by a 5 x 5 antisymmetric
field Bj, in the adjoint and giving up manifest 6d Lorentz symmetry

2 Moreover we'll introduce a set of YM gauge fields A7, for gauge
group G.
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The Action

Our proposed action S = Sy + Sg consists of two pieces:
°

1/ o ~
So=5 / dxtr (= F H -+ I 05B,)
is the non-abelian generalization of the Perry-Schwarz action, where

Hux = DBy, Dy = 0+ Ay

S = / d®x tr ((FW ~ c/dx5 FIW)E‘“’> :

where E,,, is a 5d auxiliary field implementing the constraint

Fu = c/ dxs I:IW

- Note that there is no B,5 and As. A, and E,, live in 5-dimensions
- Note also the presence of fields A,,, E,,,, that is not expected from (2,0)
susy.
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The action is invariant under:

1. Yang-Mills gauge symmetry
0A, = 0N+ AL N, 6By = [Buw,N, 0E. =[Eu,N].
2. Tensor gauge symmetry:
0rAL =0, 07Bu =DM\, O7EL =0,

for arbitrary A, (xM) such that [Fj,,,Ay] = 0.
3. Moreover there is a gauge symmetry

0E = au

for arbitrary a(x*) such that Dy, =0, DHayy =0.
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Property 1: Self-Duality

@ EOM of E,, gives the constraint

Fu =c / dxs H,,.
o EOM of B,
GMVPAUDP(I:I)\U — 853)\0) = 0

has the general solution
H)\U - 858)\0 = ¢Aaa

where D[)\q)uyl =0.
@ Again with an appropriate fixing of the tensor gauge symmetry, one
can reduce the second order EOM to the self-duality equation

H,, = 05B,.
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Property 2: Degrees of freedom

@ After eliminating the aux field E,, and substituting the F = H
constraint, the resulting action becomes highly nonlinear and
interacting. To count the degrees of freedom, we use the linearized

theory.
At the quadratic level, the non-abelian action is simply given by
dimG copies of the Perry-Schwarz action. We obtain 3 x dimG
degrees of freedom in B, .
@ Our theory contains 3 x dimG degrees of freedom as required by
(2,0) supersymmetry.
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Property 3: Lorentz Symmetry

@ The action is invariant under the 5-y Lorentz transformation:

0By = (N x)Hp + xsN"Hypo + NG,

where i
bu'v' b
@ft,w{ :/dy G? ﬁu (Xﬂ}/)Jp’u’fc(y)

Juwvrk is some expression linear in H

and G2} ./ (x,y) is the Green function satisfying
a. ,1/, 1 « a Ci /l// ,V/ a
05 GP1Y — S PUDY Y G = 5t 57060 (x — y)

with the BC: G#17 (x,y) =0,  |xs| — oc.

@ As before, the commutator closes to the standard 5d Lorentz
transformation plus terms vanishing onshell, plus a gauge
transformation.
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@ Note that our proposed Lorentz symmetry is nonlocal.

This is not unexpected since we are working in a gauge fixed
formulation without B,s. The Lorentz symmetry is also nonlocal for
QED in Coulomb gauge or string in lightcone gauge.
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Property 4. Reduction to D4-branes

o Consider a compactification of x5 on a circle of radius R. The
dimensional reduced action reads

2R ~ ~
S= WT ddx tr (—wa + (Fuw — ZWRCH#U)ENV)

o Integrate out E,,, we obtain
Fu = 2nRcH,,, .

and eliminate l:I,W, we obtain the 5d Yang-Mills action

— 1 5 2
SYM— m/dxtrFl“,.

@ This gives the YM coupling and the gauge group to be
gym = R, G = U(N)

for a system of N M5-branes.
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Property 4. Reduction to D4-branes

o Consider a compactification of x5 on a circle of radius R. The
dimensional reduced action reads

2R ~ ~
S= WT ddx tr (—wa + (Fuw — ZWRCH#U)ENV)

o Integrate out E,,, we obtain
Fu = 2nRcH,,, .

and eliminate l:I,W, we obtain the 5d Yang-Mills action

— 1 5 2
SYM— m/dxtrFl“,.

@ This gives the YM coupling and the gauge group to be
gym = R, G = U(N)

for a system of N M5-branes.

However there is a subtilty.
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o EOM gives D*F,,,, = 0 instead of

R
D, F = =T 0 Fag, Byy?

@ Need to be more careful with the implementation of Delta function:
/[DA][DB][DE]e’S = /[DA][DB]e*SVM(S(FW—%rRFIW) = /[DA]e*SVM*S’,

where consistency requires that

65" 1
5A, " 2

¢ Fo, Bl

@ The 5d theory is thus given by the action S5y = Sym + 5.
S’ describes a higher derivative correction term to the Yang-Mills theory
since [F, B] ~ DDB and B is of the order of F.
It might be possible that S’ captures the non-abelian DBI action of
D4-branes.
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@ Summarizing, we have constructed a non-abelian action of tensor
fields with the properties:
1. the action admits a self-duality equation of motion,
2. the action has manifest 5d Lorentz symmetry and a modified 6d
Lorentz symmetry,
3. on dimensional reduction, the action gives the 5d Yang-Mills action
plus corrections.

Based on these properties, we propose our action to be the bosonic

theory describing the gauge sector of coincident M5-branes in flat
space.
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To do:
o We still need to include the scalar field and fermions, and to susy
complete the action.

@ Another interesting direction is to explore the dynamical content of
the theory.
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Non-abelian self-dual string solution

Self-dual string on M5-brane

@ M2-branes can end on Mb-brane. The endpoint gives strings living
on the M5-brane.
These self-dual strings appear as solitons of the M5-brane theory.

@ In the Abelian case, the self-dual string solition has been obtained by
Perry-Schwarz (1996) and also by Howe-Lambert-West (1997).



Non-abelian self-dual string solution

o For the non-abelian theory, the equations of motion to be solved are:
H,, = 05B,.,.
Fu =c / dxs H,,

Need to do:
1. The gauge field is auxiliary:

F,uv - C/dXS ’:I,Lw — C(BM]/(X5 — :)C) - BM}/(XS - 70(3))

Therefore if the non-Abelian solution is translationally invariant along x°,
then F,, = 0 is trivial.
construct a string aligns in a different direction, say x*.

2. supersymmetrize to get a BPS solution.
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@ For the abelian case, Perry-Schwarz has obtained a self-dual string

solution:
lﬁe,-jkxk x5r —1/.5 B
BU:—E 3 <p2+tan (X /r) R Bo4:—27p2,
ij=1,23

@ Although the auxillary field does not appear in the PS construction,
it is amazing that

COT €jjic Xk

Fi =
2

Fos =0

i.e. a Dirac monopole in the (x,y, z) subspace if cf = —2/7 |



Non-abelian self-dual string solution

@ It turns out the use of an non-abelian monopole in place of the
Dirac monopole is precisely what is needed to construct the
non-abelian self-dual string solution.

@ Here we have two candidates of non-abelian monopole: the
Wu-Yang monopole (non-compact case) and the 't Hooft-Polyakov
monopole (compact case).
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Non-abelian Wu-Yang & 't Hooft-Polyakov monopole

Wou-Yang
o Consider SU(2) gauge group

[T?, TP =ie®*T¢, ab,c=1,23.

@ The non-abelian Wu-Yang monopole is given by

Xk

XmX.
a __ . a_ .. ~m7a
A,‘ - _Ealkﬁa FU = €jjm

77 ij=123.
@ Note that the field strength for the Wu-Yang solution is related to
the field strength of the Dirac monopole by a simple relation:
_ (Dirac) x?
Fj=Fi -

@ Note that the color magnetic charge vanishes

/ FP=0
S2

and the Wu-Yang solution is actually not a monopole. Neverthless it
plays a key role in the construction of non-abelian monopole of 't
Hooft-Polyakov.
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't Hooft-Polyakov

@ In the BPS limit, the 't Hooft-Polyakov monopole satisfies

1
Eﬁlijij =Dv¢, Dip=0

where ¢ is an adjoint Higgs scalar field.

@ The solution is given by

Xk a
A = *Eaikﬁ(l — ky(r)), »? = hy(r),

where

ko(r) = ﬁ hy(r) = coth(vr) — %

@ Asymptotically r — oo, we have

k a
X [v|x
Al = ~Caik 3> ¢ = ——

= ¢oov

i.e. precisely the Wu-Yang monopole at infinity.
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@ Unbroken U(1) gauge symmetry at infinity may be identified as the
electromagnetic gauge group and the electromagnetic field strength
can be obtained as a projection:

a k
0] X
Fi=Fl— =¢€x— for large r.
Y Y ‘V‘ Y r37 g

The magnetic charge is given by p = ]52 F = 4m, which corresponds
to a magnetic monopole of unit charge.

@ Note that at the core r — 0, we have
A — 0, ¢ —0

and hence the SU(2) symmetry is restored at the monopole core.
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@ Although we do not have the full (2,0) supersymmetric theory, one
can argue (a simple dimensional analysis) that the self-duality
equation of motion is not modified by the presence of the scalar
fields.

@ As for the scalar field's EOM, the self-interacting potential vanishes
if there is only one scalar field turned on (R-symmetry). As a result,
the equation of motion of the scalar field is

D¢ = 0.



Non-abelian self-dual string solution

@ Although we do not have the full (2,0) supersymmetric theory, one
can argue (a simple dimensional analysis) that the self-duality
equation of motion is not modified by the presence of the scalar
fields.

@ As for the scalar field's EOM, the self-interacting potential vanishes
if there is only one scalar field turned on (R-symmetry). As a result,
the equation of motion of the scalar field is

D¢ = 0.

@ A reasonable form of the BPS equation is the non-abelian
generalization of the BPS equation of Howe-Lambert-West:

Hijx = €jk 059, Hiis = —€jjk Di .

@ This follows immediately from the supersymmetry transformation

1
8¢ = (MMM Dug’ + 7™ Hue )e
and the 1/2 BPS condition
[o46, _ _,
Note: this is the most natural non-abelian generalization of the abelian
(2,0) supersymmetry transformation.
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Non-abelian self-dual string solution

@ Inspired by the relation of Dirac monopole to the Wu-Yang solution,
try the ansatz
a
a  _ yP9)X
2.0 H/,Ll/)\ 7

Here r = \/x2 4+ y2 + 72 and H,(ii) is the field strength for the
linearized Perry-Schwarz solution aligning in the x* direction.

Self-duality is automatically satisfied!
@ B can be obtained by integrating H,,,5 = 05sB,,, and we obtain
Xa
BZI/ = B/(JES)iv
r
@ It is amusing that the auxillary field configuration is given by

BT €jjmXmXa

F’j - 2 rt

, F2, =0.

This is the Wu-Yang monopole if we take ¢ = —%.
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@ The BPS equation can be solved with

s (e 2
5=t 3z)

@ The transverse distance |$| defined by |¢|? = ¢2¢? gives

_ B
6] = lu+ 31
@ This describes a system of M5-branes with a spike at p = 0 and level
off to u as p — oo. Hence the physical interpretation of our self-dual
string is that two M5-branes are separating by a distance v and with
an M2-brane ending on them.
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o Asymptotic U(1) B-field is By, = ¢2 B2, = +B{"") and we obtain

oo “uv

41
P=Q=——.
=1

Charge quantization
PR + QP =277

fixes

c=+41



Non-abelian self-dual string solution

@ One may generalize the above to a system of N5 coincident
Mb5-branes with a spike with N, self-dual strings.

@ We find the spike
Ny 1
Ns p?
The Ny, N5 dependence agree precisely with the supergravity
solution for intersecting M2-M5 branes.

6] = v+



Discussions

Outline

@ Discussions



Discussions

I. We have constructed a non-abelian action of tensor fields that we
propose to be the bosonic theory describing the gauge sector of
coincident M5-branes in flat space.

Il. We have also constructed the non-abelian string solutions of the
theory. By including a scalar field, we argue how the solution can be
promoted to become a solution of the (2,0) theory.

This provides dynamical support to our proposed theory.



Discussions

Further questions

@ Supersymmetry: (2,0)? (1,0)?
Scalar potential and BPS equation?

Covariant PST extension of our model?
Other solutions? M-wave (in progress with Isono)
Classical integrability? (as compared to 4d self dual YM equation)

® 6 o o

Connection with other proposals? (such as deconstruction approach
of Arkani-Hamad etal, instantonic quantum mechanics of Aharony
etal, or the 5d SYM proposal of Douglas and Lambert etal?)

Where is the B-field in these descriptions? (similar to the problem of
extracting the gravity field in the BFSS matrix model?)
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